The self-consistent Einstein model developed in I is applied to an FCC lattice in order to discuss the softening of the surface lattice vibration and surface lattice relaxation in FCC metals. Under an approximation where only the nearest neighbour interatomic interactions are taken into account, the mean square displacement, average Einstein frequency of surface atom, the effective interatomic potential and the surface lattice constant are self-consistently determined. Numerical calculation is performed for Ni, using a Gaussian potential which has been determined in a previous paper, and the results are compared with the experiments. § I. Introduction
§ I. Introduction
In a previous paper, referred to as I,ll we proposed a self-consistent Einstein model to discuss the anharmonic surface lattice vibration and demonstrated for a simple one-dimensional model that the non-linear coupling between the softening of vibrational frequency, amplitude of thermal motion and relaxation in lattice constant are very important near the crystal surface, and the anharmonic effect becomes more appreciable near the surface than in the bulk from comparatively low temperatures.
In this paper, we consider the same problem for three-dimensional FCC lattice with a (110) surface in particular. The reason why this lattice structure and surface are chosen is as follows. First of all there exist already many reports on the observations of the mean square displacement of surface atoms (or the surface Debye temperatures) of FCC metals by means of LEED experiments.") There are also many theoretical calculations of surface lattice vibration for FCC lattice, although mostly in the harmonic approximation and some of them are based on the computer simulation of the molecular dynamics. 3 l The comparison between experiments and theoretical calculations, however, seems not always satisfactory, probably due to that the models and approximations are too simplified on the theoretical side and the accuracy is not enough on the experimental side. Unsettled as they are, one notices a remarkable feature in the surface vibration of atoms on the (110) surface of FCC lattice. Figure 1 shows a section of (110) plane in FCC lattice, and as seen in this figure three directions [IlO] , [001] and [110] , perpendicular with each other, are not equivalent in the crystallographic sense, and ture limit. 5 ) To obtain a reasonable agreement between the experiment and theory, they took the force constants for the surface atoms different from the value of the bulk-force constant. The three types of force constants coupling surface atoms to atoms in the interior of the crystal were varied independently by changing three factors c1o c2 and c3 defined in Fig. 1 .
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In Table I some of their results are reproduced. They found that c1 = 82 = 0.5 and c3 = 2.2 gave the best representation of the data. The question was then whether the magnitude of the changes required in the surface force constants is physically reasonable. It would be yery interesting to examine this question from our viewpoint based on the self-consistent Einstein model, because within the scheme of our model, mean square displacements and force constants are selfconsistently determined. Main purpose of the present paper is to report on some results obtained for this problem.
In § 2 the general formulation given 111 I is specialized to a specific case of Near the surface, the number of the nearest neighbors (n.n.) of an atom is diminished, dependmg on the depth of atomic position from the surface. For instance, in an unrelaxed lattice the number of n.n. of an atom in the n-th atomic layer z 0 = 7 (n = 0, surface atom) Due to the presence of the surface, each atom performs anisotropic vibration depending on the directions, but we can assume that the vibrational behaviour of atoms is solely dependent of the atomic layer's number n and is the same for all atoms in the same layer. Then it is possible to define three different Einstein frequencies UJnx• Wny and O)nz for atoms on the n-th layer. Let 1J1 be the atomic mass and call (3) ¢n, is nothing but the curvature along },-direction of the average potential acting on an atom in the n-th layer. It has been proved in I that the formulation of the self-consistent Einstein model is equivalent to the study of the statics and dynamics (in the harmonic approximation) of a crystal lattice composed of atoms interacting via a certain effective interatomic potential which is determined self-consistently. To be more definite, let v (r) be the interatomic potential and define the effective potential between the n-th and m-th atoms separated by a radius vector r by an equation (4) On the right-hand side of Eq. ( 4), the average < ) should be taken over the canonical ensemble for the Einstein oscillators Un and Um. The equilibrium average position of atoms and the lattice spacings are to be determined so that the total lattice energy calculated in terms of the effective potential ( 4) may become minimum, and the Einstein frequency necessary for the evaluation of (r) is to be determined from the curvature of the average potential at each site which is expressed as a sum of the effective potential contributed from all atoms neighbouring to that site.
In order to proceed with a more explicit formulation, we take for v (r) a simple Gaussian potential of the form : 6 l v(r) =A.exp(-ar 2 ) -Bexp(-(3r 2 ) .
(5)
If U 11 is assumed to be the displacement vector of an anisotropic Einstein oscillator with frequencies Wn"' }, = x, y, z, the average in Eq. ( 4) with the potential (5) can be easily performed for the high temperature limit, and the result may be summarized as follows:
with A=x, y and z. l?B is the Boltzmann constant and T the absolute temperature of the lattice.
For simplicity let us assume that the effective potential i/Jnm (r) is sufficiently of short range and hence all the interatomic interactions can be neglected except for those between the nearest neighbour atoms (in the unrelaxed lattice). This assumption simplifies further analysis in great deal. It is an easy task to set up the average potential acting on an atom in each atomic layer. Let us call {])n(x, y, z) the average potential for an atom in the n-th layer as a function of the displacement r = (x, y, z) from its mean position. Then 
To save the space, we have used abbreviation such that
on the right-hand side of Eqs. (8)""' (10). Note also that the sum of the numerical coefficients which appear on the right-hand side is equal to the number of n.n. given in (2) . The lattice spacings a, b and {en} should be determined from the equilibrium condition
It immediately turns out that the force balance, Eq. (11), is always kept hold along x-and y-directions without any influence of the surface, and hence (12) where aoo is the bulk lattice constant which will be given 111 the next section. On the other hand, along z-axis the {en}'s are determined as the solutions of equations 
where use has been made of a fact that
band a in Eqs. (15)"--'(17) should be given by (12). Since <f!~m(x,y,z) is a function of ¢nl and ¢m"' we have to supplement another set of equations for ¢n, to the above, in order that the self-consistent equations are closed with themselves.
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This can be readily done by making the second derivatives of the average potential 
(20)
Equations (15) /"J (17) and (19) /"J (21) constitute the whole set of the self-consistent equations to determine a, b, {en} and {¢n1} for a specified potential v (r) and given temperature T. § 3.
Solutions of self-consistent equations
We first study the bulk state by taking a limit n---Hx~ in Eqs. (17) and (21).
In this limit it is obvious that vibrations of atoms become isotropic and hence as 
By usmg the functions
Eq. (17) 1s reduced in the bulk limit to
that is, a=/v'Z is the distance corresponding to the minimum point of the effective potential cp= (r). Equation (25) still depends on ¢= which is obtained from the bulk limit of Eq. Its derivatives then becomes
and
In the limit of the bulk state, they go to 
Now let us study surface relaxation and surface softening. In the present case, by surface relaxation we mean the deviations of {en} from the bulk value c = = a=/2vf2, and by surface softening we mean the changes of { ¢nA} from the isotropic bulk value ¢=-What we are most interested in are the following quantities:
(1) ¢oA or surface frequencies (1)0 A= (¢0A/M) 112 , A=x,y,z.
(2) Surface force-constants coupling surface atoms to atoms in the interior of the crystal, i.e., 
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plicated and non-linear, we have to adopt some iteration procedure. In this section we shall content ourselves with an approximate solution to gain the general idea of the above quantities, leaving numerical calculation to the next section.
First we consider r/Jn1. and look at Eqs. 
Thus even in this cruelest approximation the surface vibration becomes soft and quite anisotropic. As the next approximation if these reduced values of ¢nl. for n<2 are used in evaluating the effective potential, it is obvious that the effective potential between atoms on and near the surface is subject to large modification:
The values of all potential parameters .!lnm, Bnm• anml. and f3nml. for n, m<2 are reduced, yielding weak: effective potential with large equilibrium distance and small potential minimum. This causes in turn further enhancement of surface softening on one hand and surface relaxation on the other hand.
Thus we can also expect large changes in surface force-constants such as given in (35). From the explicit form Eq. (29) for tj;~l.m (x~.), and with the aiel of Eqs. (7a) r-J (7 d), we can suppose that the largest reduction of magnitude takes place in tj;~f (x~.), being followed by t/Jif? (x,c) , tj;~~ (x~.), cf;~ox (x~.), cf;~t (x~.) and so on.
This estimation is qualitatively in accord with the assumption made by Wallis et al. 51 in choosing e1 = 82 = 0.5 in Table I although we cannot understand their large factor e3 = 2.2.
As to surface relaxation, it turns out to be a rather subtle problem, depending on the shape of interatomic potential and on the method of iteration. In the present model, however, main origin of surface relaxation seems to be weakening of the effective potential due to surface softening. The first lattice spacing c1 is determined from Eq. (15) which is rewritten upon using Eq. (28) and ¢hz/¢=, its zero point occurs at a value larger than a=/v2, zero point of 'f}= (r). That is ~ (a=/2\72)'+ (a~/2) 2 +e1 2 >a=/v2, or el>a=/2v2. § 4. Numerical calculation and discussion
In this section we describe briefly the procedures of numerical calculation for a special case of Ni and discuss the obtained results in comparison with the experimental data.
In a preYious paper 6 In actual numerical calculation we use reduced quantities such as Tis measured in the unit of T .fri> ¢n" and en in the unit of ¢= and a= for given T /T,I respectively. Now the outline of the iteration procedures for solving the self-consistent equations (15) ,.__, (17) and (19) "-' (21) is described. For simplicity we omit hereafter the arguments a= and b= = a=/v2 in cfJ~m' etc., leaving only the variable en.
First we note that once {en} and { ¢n"} are given, the functions cfJ~m (e) and cj;~"m (e) ().=x,y,z) can be evaluated on a computer. Then 1) 2) 3)
4)
Start with the 0-th approximation for ¢n" and e=, and construct the cj;-£unctions.
Determine new {en} from Eqs. (15) ,.__, (17). By using { ¢n"} and {en}, reconstruct the cjJ-functions. Find new {¢n"} from Eqs. (19) "-' (21). 5) Reconstruct the cj;-functions with new {¢""} and {en}. 6) Repeat the steps 2) "-'5) until stationary solutions come out. By this method we have calculated the following quantities for three different temperatures:
The results are summarized in Table II . To compare with the previous results, it is convenient to re-calculate the ratios (u/)surface/(u/)bulk for A=X, y, z from Table I ---------·-------- 
